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Abstract. 

It is demonstrated that several series of conformal field theories, while satis- 
fying braid group statistics, can still be described in the conventional setting 
of the DHR theory, i.e. their superselection structure can be understood in 
terms of a compact DHR gauge group. Besides theories with only simple sec- 
tors, these include (the untwisted part of) c = 1 orbifold theories and level two 
sb{2N) WZW theories. We also analyze the relation between these models 
and theories of complex free fermions. 
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1 Introduction 



In local relativistic quantum field theory, the fusion rules encode the basis independent 
features of the composition of superselection sectors. When the theory enjoys permutation 
group statistics, as is e.g. the case in four space-time dimensions, then - under standard 
assumptions which are motivated by physical principles such as causality (see e.g. [ID) - 
the fusion rules can be studied with the help of the DHR theory [^^^, implying that the 
composition of sectors is governed by a compact group ||^, the DHR gauge group. More 
precisely, the fusion ring of the theory is isomorphic to the representation ring of the gauge 
group. On the other hand, quantum field theories in space-times of low dimensionality 
generically possess braid group statistics. As a consequence the role of the gauge group is 
taken over by a much more complicated structure, which is commonly called a quantum 
symmetry, and for which no generally accepted description is available yet. 

The purpose of this paper is to demonstrate that several classes of low- dimensional 
quantum field theories, while satisfying braid group statistics, can nevertheless be de- 
scribed in the conventional DHR setting. The models in question are certain rational 
conformal field theories. A necessary prerequisite for such a description to work is that 
the statistical dimensions da of all sectors are integers. 



daEZ for all a. (1.1) 

In the particular case that all sectors are simple in the sense that they have statistical 
dimension 1, the relevant braid group representation is one-dimensional and the fusion 
ring is nothing but the group ring of a finite abelian group. For these 'abelian' theories it 
is rather straightforward to interpret the relevant abelian group as a DHR gauge group. 

However, as we will show in this paper, a DHR interpretation is even possible for series 
of rational quantum field theories which satisfy (|1 . Ij) , but for which sectors with statistical 



dimension larger than 1 appear. More specifically, we consider Q series of models which 
are labelled by a natural number iV e N, such that there are four sectors of statistical 
dimension 1 and — 1 sectors of statistical dimension 2. In conformal field theory, two 
different realizations of this series are known: first, the untwisted^ sectors of 'orbifold 
theories' of conformal central charge c = 1 (see e.g. |^), and second, the untwisted sectors 
of WZW theories that are based on the sb(2A^) current algebra at level 2, which have 
c = 2A^— 1. Both of these realizations can be understood in terms of a reduction of other 
series of conformal field theories which have 2A^ sectors, each of statistical dimension 1, 
namely of the c = 1 theories that describe a free boson compactified on a circle of suitable 
radius, and of the c = 2A^— 1 WZW theories based on s[(2A^) at level 1, respectively. 
Accordingly, we will start our discussion with an analysis of those 'abelian' theories. 



^ Another example has been studied in the appendix of 

^ The term 'untwisted' refers to a Z2-gradation of the full fusion ring of these conformal field theories. 
The A'^ — 1 untwisted sectors form a sub- fusion ring of the full fusion ring, and it is this subring we consider 
here. In addition there are four twisted sectors of statistical dimension \/iV. Clearly, with our methods 
we cannot study these twisted sectors, except possibly when TV is a square (for the latter case see the 
speculations at the end of the paper). Note, however, that in the DHR framework no recourse to concepts 
like modular invariance which do not have an immediate physical interpretation is needed. Accordingly, 
while the twisted sectors must be included when one wishes to construct a modular invariant two-dimen- 
sional conformal field theory, in our present study of one-dimensional chiral conformal field theories we 
are free to restrict to the sub- fusion ring of our interest. 
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As it turns out, all the theories just mentioned are closely related to theories of com- 
plex | free fermions. In establishing these relations, an important role will be played by 
various types of DHR gauge groups. We would like to mention that the description in 
terms of fermions has several advantages with respect to a formulation via free bosons, 
which for these theories exists as well. For instance, one only has to deal with polynomials 
in the basic Fourier modes rather than with the exponentials that appear in the vertex op- 
erators of the bosonic formulation. In particular, there is a rather simple characterization 
of the observables, which will be described in section ^. 

Concerning the free fermion theories, it is worth while to be a bit more specific already 
at this introductory stage. We consider a Fock representation of the canonical anti-com- 
mutation relations (CAR) which is characterized as follows. We fix (once and for all) a 
positive integer A^. On the Fock space Ti^'^'^^^ = tricar, 2jv) ^^j^gj^g operate the Fourier modes 
bl and c* (z G {1, 2, ... , 2N} and r G Z+1/2) of 2A^ complex free fermions. These modes 
satisfy the relations 

{K,ci} = 6ij6r,-sl, 

{bl,I^,} = = {cl,ci}, 
and there is a *-operation (an involutive automorphism), which acts on the modes as 



:i.2) 



m*=cLr. (1.3) 

The Fock space 'H^'^'^^'^ itself is defined by the properties that it contains a unique (up to 
a phase) vacuum vector G Ti^^'^^'' on which the modes h]. and c* with positive index 
r act as annihilation operators, i.e. for all i = 1, 2, ... , 2A^ and all r G No + 1/2 we have 
= c\\VL) =0, while the modes with negative index r act as creation operators such 
that their successive action on the vacuum provides a dense subspace. 

Given the fermion Fourier modes 6* and c*, we can define local and global CAR 
algebras as follows. For f &L'^{S^;C'^^) we set 

2N 2N 

b(f)--=Y. J2f-rK and c{f):=J2 J2 f-r^r , (1-4) 

i=l reZ+1/2 i=l rGZ+1/2 

where f^{z) = '^rez+1/2 f-r^^ is the Fourier decomposition of the ith component of the 
function / (the circle 5*^ is considered as the unit circle in the complex plane, so that 
2; — gi0 ^ ^1 -^iii^ < < tt). For open intervals / C S*^ we define the local CAR algebras 
CAR(J) to be the von Neumann algebras generated by elements b{f) and c{g) with f,g 
having support in /, 

CAR(/) := {b{f), c{g) \ f,gEL\l;e'')}" . (1.5) 

(The prime stands for the commutant in the algebra of bounded operators on Ti^'-'^^K Note 
that the bicommutant of a set of operators then actually coincides with the von Neumann 
algebra they generate.) By construction, for any pair of open intervals Ji, I2 with Ji C I2 



^ There is one other known series of rational fusion rings satisfying (IJ), namely those describing 
the untwisted sectors of the level two sb(2A^+l) WZW theory. Using the results of these could be 
analyzed along similar lines, but involving an odd number of real free fermions. However, some of the 
arguments turn out to become more involved, and we refrain from delving into these complications here. 
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we have an inclusion CAR(/i) C CAR(/2), which is inherited from the natural embeddings 
of the Li^ spaces. The global CAR algebra is defined as the norm closure 

CAR:= |JCAR(/) (1.6) 

of the union of local algebras, where J* denotes the set of those open intervals I G 
whose closure does not contain the point (say) z = —l. 

This paper is organized as follows. In section ^ we summarize some features of the 
DHR theory and study the interplay between the sector decompositions that arise from 
embeddings of gauge groups. In section | we present the sector decompositions of the 
c = 1 'circle' conformal field theories with 2N sectors and of the level one sl{2N) WZW 
theories and interpret them in terms of DHR gauge groups 1'2n- The relation between 
these theories and the CAR algebras defined by (|1.2| ) is demonstrated in section ^ When 
the gauge symmetry of these theories is extended by a suitable further automorphism, 
one arrives at a description of the c = 1 orbifold and the level two io(2A^) WZW theories 
with N+7 sectors; these theories and their connection with the CAR algebra is analyzed in 
section |^. Finally, in section ^ we present the Fourier modes of the observables, expressed 
in terms of the Fourier modes of the free fermions. 



2 DHR sectors and embeddings of gauge groups 

Let us briefly recall some facts about the DHR theory 0,^,^ of superselection sectors. 
We are dealing with chiral conformal field theories, so that the relevant space-time is S^, 
the unit circle. To apply the DHR theory to this situation, one associates to each interval 
/ C S"^ a local field algebra "^{1)', this is a von Neumann algebra which acts on some Hilbert 
space TC in such a way that Ii C I2 implies d{h) C d{h)- The global (or quasilocal) field 
algebra, which is defined as the norm closure 



[jW) (2.1) 



of the union of all local field algebras, acts irreducibly on 7i. Here as in ( |1.6|) J* denotes 
the set of open intervals in whose closure does not contain —1 G S^. The Hilbert 
space Ti carries a strongly continuous representation R of the space-time symmetry group 
SU(1,1) such that the generator Lq of rotations is positive and the eigenvalue zero belongs 
to a unique (up to a phase) vacuum vector \VL) eH (see e.g. [jlO|,|lT|). The field algebras 



transform covariantly with respect to R. Furthermore, Ti. also carries a strongly continuous 
representation f/ of a compact group G, called the DHR gauge group, which commutes 
with R and leaves the vacuum vector invariant, and which transforms each local field 
algebra into itself. Local observable algebras are the fixed point algebras of the field 
algebras with respect to the gauge group G, 

^{I)=d{lf:=diI)nU{Gy, (2.2) 

and the global observable algebra is 



21= [jW), (2.3) 
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so that 01 = ^ . Note that while all local algebras are von Neumann algebras, the global 
algebras are only C*-algebras. Fields are relatively local to the observables, and this 
implies in particular locality of the observables. 

Under these (and a few further standard) assumptions, the DHR theory tells us that 
the Hilbert space H decomposes as 

n = ^na0C'^" . (2.4) 

with respect to the action of 21. Here Tia are pairwise inequivalent irreducible 2l-modules, 
called the supers election sectors, G denotes the group dual of G (i.e. the set of irreducible 
characters of G, which constitutes a basis of the representation ring of G), and da is the 
dimension of the irreducible G-representation tTq, with character a G G. The gauge group 
G acts on the multiphcity space C^" by the representation tTq, i.e. 

[/((?) =01^„®7r,((7) forall(7GG. (2.5) 

Next we investigate what happens when we are given two different DHR gauge groups 
G and H which act on one and the same field algebra ^J. Then there are two decomposi- 
tions 

® c^" = 7^ = Ti:^ ® c^" (2.6) 

G H 

of the Hilbert space Ti, with respect to the fixed point algebras J and ^ , respectively. 
Now consider the situation that H cG and that the action of H is defined by the re- 
striction of U from G to H. It is not hard to see that the decompositions ( |2.6|) are then 
related as 

Ha = 0Ha®C"% (2.7) 

where the branching coefficients n" are defined through the restriction 

res|(7r,) = 0<7r„ (2.8) 

aeH 

of irreducible G-representations vTq, to //-representations, or equivalently, through 

ind|(7rj= 0<7r„ (2.9) 

aeG 

by Frobenius reciprocity. In other words, the superselection sectors Ha, labelled hj aEH, 
are related to the sectors Ha, C(EG, according to the induction from H to G. 

We are particularly interested in the specific case where H is embedded diagonally 
into G = H X H . Then G = H x H, so that a EG can be considered as a pair (01,02) 
with ai,a2EH. It follows that 

< = = ^a.a^, (2-10) 

where A^j,^ are the fusion coefficients of H, defined by the tensor product decomposition 

^a^n = ^Nj7T, (2.11) 

ceH 
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of irreducible if-representations. This observation applies in particular to the situation 
where the field algebra has the structure of a tensor product d = d(i) ® d(2) of field alge- 
bras which possess isomorphic DHR gauge groups, i.e. for which the associated observable 
algebras are 

2t(,) = ida))'"''' , = with H,,, = H,2, =: H . (2.12) 

In this case the field algebra 5 acts in a canonical manner on the tensor product Ti = 7Y*^^ (S> 
7^^^' of Hilbert spaces TC-^^ and H^^', which under the action of the observable algebras 
21(1) and 21(2) decompose into sectors as 

= ® C^" and = T^f ® C^" , (2.13) 

respectively. It follows from the result above that under the action of the diagonal sub- 
group of if(i) X if(2), H decomposes as 

n = ^na0C''^ with Ha = ® ® c"^^^" . (2.14) 

Below we will encounter the specific case of cyclic gauge group H = Z2N = Z/2A^Z. 
Then also H = Ij^n] thus the labels a&H can (and will) be considered as integers defined 
modulo 2N , i.e. = {0, 1, ... , 2A^ — 1}, and the fusion coefficients read N^h = 5^j^^^^ for 
a,b,cE H. Therefore the decomposition ( |2.14| ) reads Ti = ©ag^^iv with 

Ha= (2.15) 

in particular, the vacuum sector Hq splits as 

^0=0 K'^n'iLa- (2.16) 



3 c = 1 and WZW theories with 'Z2N fusion rules 

For intervals I G we denote by BosAr(/) the local observable algebras of the c = 1 con- 
formal field theory with 2N sectors that corresponds to a (chiral) free boson compactified 
on a circle of appropriate radius. According to the results of [|^, the algebras Bos j\f{I) are 
the von Neumann algebras that are generated by local bounded functions of a u(l) current 
and of a conjugate pair of Virasoro-primary fields of conformal dimension A = A^. Simi- 
larly, we denote by SL2Ar(/) the local observable algebras of the WZW theory based on the 
s[(2A^) current algebra at level 1. The corresponding global C*-algebras will be denoted 
by Bosat and SL2Ar, respectively, and the associated field algebras by ^^^(bos) = d(Bos;2N) and 
d(SL)=d(SL;2N), respectively. Unfortunately, while explicit expressions for localized fields 
are available in the c = 1 case |T2|, to the best of our knowledge they are not known for the 



WZW theories. However, both for the c = 1 and the WZW theories, 'point-like localized' 
unbounded field operators can be obtained by the vertex operator construction. For the 
c = 1 theory the vertex operators are given by 

¥P„(2) ~ :e'"^(")/^: (3.1) 
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for z^S^, while for the WZW case they read 

:e'(^w^(^)): . (3.2) 

Here a G 1'2N, ^ is a free boson and Y = (F*) a collection of 2N — 1 free bosons, and 
the colons stand for a suitable normal ordering prescription; moreover, A(^a) denote the 
fundamental weights of the finite-dimensional Lie algebra sl{2N) (for a 7^ 0, together with 
A(o) := 0), and ( ■ , ■ ) is the inner product on the weight space of sl{2N). 

Both of these two types of quantum field theories possess 2N sectors, each of which 
has statistical dimension one, and in either case the fusion ring is the group ring of the 
finite cyclic group Z2Ar. In this situation it is quite natural to expect that the composition 
of sectors can be understood by promoting this Z2N group to a DHR gauge group; the 
following considerations demonstrate that this is indeed the case. (Similar arguments 
will work for any other theory whose fusion ring coincides with the group ring of a finite 
abelian group.) 

The sectors of the c = 1 and of the WZW theories can be obtained^ by applying the 
Fourier modes of the observables of these theories to suitable highest weight vectors; 
in both cases it is in fact sufficient to employ only the generators of the relevant current 
algebras (which will be described in detail in section It follows that the sectors of these 
theories are isomorphic, respectively, to direct sums0 of the irreducible highest weight 
modules of the u(l) current algebra with charge 6mod2A^, and to the irreducible 

highest weight modules Lj^'"' = L^'"'^^' of the WZW theory with certain specific highest 
s[(2iV)-weights A. More specifically, one finds that the sectors L*"^"^^ = 1^^^°^'^'^'^ of the c = 1 
theory are the direct sums 

r(B°s) _ n\ r ("(1)) /o o\ 

while the sectors -^A(^'j of the level one s[(2A^) theory are modules L^'"' whose highest 
weight A is either A(o) = (for the vacuum sector) or a fundamental weight A(a) (a G 
{1, 2, ... , 2A^— 1}) of sl(2A^). Thus the sector decompositions of these theories read 

and 

respectively. 

From these decompositions we learn in particular that the spaces and Ti^^'--^^^ 

naturally carry representations of 'L2N- Since the group Ij2n does not possess a distin- 
guished generator, there is a priori some arbitrariness in the precise definition of these 



To be precise, this actually yields only dense subspaces of the sectors (the same remark applies to the 
sectors of the other theories treated below). However, this will not play any role in our discussion, and 
accordingly we simplify notation by using the same symbols for the sectors and for their dense subspaces. 

^ The individual summands are related to each other by the action of the additional observables of 
conformal weight N . For the present statements we do not, however, need any information about the 
form of this action. 
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representations, though. As it turns out, a convenient prescription for the representations 

^(Bos) ^ f/(Bos;2iV) ^(Bos;2iV) JJ(SL) = f/(SL;2iV) 7^(SL;2iV) provided byQ 

m''°'^\.^Bos) ■.= TTa and f/''''L(SL) :=7r_„. (3.6) 

Here for each aGZ2Ar, vr^ denotes the Z2Ar-representation that acts as 

7r„(6) = e'™^/^ for all beZ2N ■ (3.7) 

4 CAR algebras from conformal field theories with 
fusion rules 

The discussion of the previous section shows in particular that we are dealing with a 
situation of the type described in equation ( |2.12| ) above, with[] 

BoSaT = 2t(Bos;2]V) = (5'{Bos;2JV))^^^ ; S L2Ar = 21{SL;2JV) = (5'(SL;2JV) )^^^ • (^-l) 

It is then natural to ask what the fixed point algebra of 5^ = 3^(bos;2jv) ® d(SL;2N) with respect 
to the diagonal subgroup 1^21^^^ '^2N x 'Z2N looks like. As usual, ^ acts irreducibly 
on a Hilbert space 7i, and under the action of g^^2jv{diag) have a decomposition Ti = 
0aeZ2^^a- As it turns out, ^^^2iv(diag) nothing but the CAR algebra (|r|) for 2N 
complex fermions, i.e. 

(i?(Bc.2iV) ® ^?(SL;2iV))^^^'''^^' = CAR , (4.2) 

where it is understood that the action of {d(Bos) <S> t^csl))^^'^*'^''''^' is restricted to the vacuum 
sector Ho with respect to the diagonal Z2N subgroup. Note that ([4.2| ) implies in particular 
that 

^r\r\ — l,T>(Bos;2JV) W T>(SL;2JV)J 

(4.3) 

= (i?(Bos;2iV))^^^ ® idiSL;2N)f''' = BOS^ ® SI2N • 

We will study this relationship in section |^ in terms of the Fourier modes of the 
observables. Here we verify ( [4.2|) in terms of the superselection sectors, i.e. show that the 
vacuum sector Hq on which (i?(bos) ® ^^(sl))^^'^^'*''''^'' is acting coincides with W~'^^\ Recall 
from the introduction that we can construct the sectors W^"^^^ of the fermion theory 
by applying the Fourier modes of the fermions to the vacuum. Now the results on the 
Hilbert spaces of the c = 1 and WZW theories that we listed in the previous section imply 
in particular that (a dense subspace of) the Hilbert space of the tensor product theory is 

n = ® 7^'-^-' = [ir ® L^l^] = © [( © L^:itN) ® Lf^] . (4.4) 

Furthermore, it is known that the space 'H^'-'^^'' = ^a&ZzN '^o''^"^ decomposes as 



^ We continue to use the additive notation for integers modulo 2N. 

^ Here and in the foUowing, equahties and isomorphisms between algebras are meant to apply both 
to global and to local algebras. 
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into a direct sum of tensor products of the current algebra modules that appear in the 
former decompositions. 

We would like to compare the results (|4.4]) and (|4.5|) from the perspective of the DHR 



situation that we studied in section 0. To this end we employ the Z2Ar-representations 
U^'^'^^ and [/'^'■' (|3^ ). On H, these representations induce an action of Z,2n x '^2N according 
to 

^2N X Z2N 3 (a, b) ^ f/<'°^'(a) ® m''\b) . (4.6) 

We can then restrict this representation to the diagonal subgroup of Z2N x Z,2n and de- 
compose H into its sectors Ha with respect to this diagonal subgroup: 

n = ^n. with Ha :=©[(© L:Z2nN) ® ^k";J ■ (4.7) 

Comparison of ( [4.4[ ) with ( |4.5| ) now tells us that 

7^(CAR) ^ ^(Bos) ^ ^(SL)^ ^ _ (4 8) 

a&2N 



This finally confirms the validity of the isomorphism 

Let us also mention that when we consider the action of the full group 'L2N x 'L2N 
instead of its diagonal subgroup, then we must have an additional 'L2N action in the 
fermionic Fock space 'H^'^'^^^ of the 2N complex fermions. To fit with the previous results, 
for each a G 'L2N such an additional gauge transformation must act on the fermion modes 
hi. and the Bogoliubov transformation 

Ca-. 6t^e'™^^6t, 4^e-'™/^4. (4.9) 

It is illustrative to formulate the results above also in terms of the ( Virasoro-specialized) 
characters 

Xv{q) := try (4.10) 

of the various vector spaces V that appeared in the decompositions. We first note that 
(|4.9|) can be regarded as the restriction of an action of the gauge group U(l), for which 
a G 'Z2N is just to be replaced by an arbitrary real parameter. The characters of the 
sectors of the algebra CAR^^'^*''"''^^ can therefore be calculated by first considering the 
decomposition of 'H'-'-'^'^'' into sectors T^l^'^", mGZ, with respect to a gauge group G = U(l) 
and then the restriction of G to its subgroup H = 'L2n- In this situation we can again 
apply the relation (|2.7| ), which tells us that 

na = ®KiZ^ (4.11) 

for each aE'L2N- 

Now the characters for the spaces T^i^*^" read (see e.g. 0) 

xT\<i) = Q^{<i){v{<i)r'\ (4.12) 

while the characters of the sectors 71^^°^^ of ^(bos) and Ti^ of ^^^(sl) are given by 

XT''^\q) = {^{q))-' Uq) (4.13) 
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and by 

'(g) = g-'^'/'^ (V'(g))'-'^ e,(g) , (4.14) 

respectively. Here 

oo 

viq)--=U^l-ql (4.15) 

n=l 

is Euler's product function, while 

e„(g) := J2 gK+™i+-+-iiv)/2 (4.16) 

mi,m,2vi'Tt2Jv£^ 
mi+m2+...+ni2JV=a 

and 

^a(g):=E^^"^"''^'^''^ (4-17) 
for aGZ2Ar. It is then easy to verify (compare e.g. formula (9.17) of 0) that indeed 

uq) = E ^a^M = ^r""'(?) ■ ^r""'(?) (4.18) 

for all a G Z2Ar , in agreement with our result that the sectors of the fermion algebra 
are precisely the tensor products of the irreducible modules for Bosat and SL2Ar. 

As another consistency check of the relation ( ^.2| ) we verify that the fields in the 
algebra {d{Bos;2N) ® t?(sl;2jv))^^^'''*''''^'' possess the right braiding properties. Since the form of 
the braid relations does not depend on the precise choice of localization of the fields, we 
can consider the 'point-like localized' unbounded field operators (p.l| ) and (p.2|). These 
vertex operators carry an abelian ('anyonic') representation of the braid group, and the 
phases appearing in this representation can be determined from the conformal weights 
of the vertex operators. More specifically, for the c = 1 theory we have A{^Pa) = a'^/4:N, 
and accordingly [0] Lpaiz) Lpb{u!) = e"'^"^/^^<^b(w) (^a(-2) (with the sign e G {±1} in the 
exponent depending on whether w is to the 'left' or to the 'right' of z on the punctured 
circle), while for the WZW theory we have A(0a) = a{2N — a)/ AN so that (pai^z) (pbiw) = 
_j_g-i7reafe/2Af0^(y^) 0^(^)^ Thosc ficlds in the tensor product theory which are invariant 
under the diagonal Z2Ar gauge group therefore all have conformal weight a/2 for some 



a G 'Ij2n and satisfy fermionic or bosonic braiding relations, as is required for (|4.2|) to hold 



5 Theories with gauge group Q^r 

It is known that the sectors of the c = 1 circle theory with observable algebra Bosn com- 
bine, respectively decompose, into the untwisted sectors of the c = 1 orbifold theory that 
has + 7 sectors |0. Moreover, inspection of the results of ^ also shows that these un- 
twisted orbifold sectors generate a fusion ring which is isomorphic to the representation 
ring of the generalized quaternion group Qn (see appendix A for some basic information 
about these non-abelian finite groups). Similarly, the SL2Ar sectors give rise to the un- 
twisted sectors of the level two sb{2N) WZW theory, which can be seen to generate a Qat 
fusion ring as well. These observations lead us to expect that, as far as the untwisted sec- 
tors are concerned, the superselection structure of the c = 1 orbifold and level two sb{2N) 
theories can be understood in terms of a DHR gauge group Qat. In this section we show 
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that indeed one obtains the observable algebras of these theories when one extends the 
1^2N gauge groups that appeared in the previous setting to Qjv- Precisely speaking, we 
claim that we have an action of Qat such that 

(i?(Bo.2iv))'^^ = Orb^ and (5(SL;2iv))^^ = SOaiv , (5.1) 

where Ox\)^ and S02Ar stand for the observable algebras of the c = 1 orbifold theory with 
+ 7 sectors and of the level two sb{2N) WZW theory, respectively. 
To prove this claim and to study its consequences, it is convenient to express the 
action of the gauge groups in terms of automorphisms of the relevant field algebras. For 
each a G 'Ij2N the representations [/'^' = U^°°"'^^^ and U^^^ = f/'^'-'^^) that were introduced 
in ( |3.6| ) define automorphisms Ad^(j)(-^-) of the field algebras 'S(j) for j = 1, 2, respectively. 
We denote by x the generator of the abstract group Z2N {x^^ = 1), and define 

eo):=Adj,o)(,) G Aut(^(,)) (5.2) 

for j G {1, 2}. We wish to consider the situation that the Z2N gauge groups of both the 
c = l and the WZW theory get extended to the generalized quaternion groups Qn, by 
including another generator y in such a way that the relations (|A.1|) of Qn are satisfied. 
This means that for j = 1, 2 we have besides automorphisms 6'(^) = Ad(y(j)(-y-| G Aut(i5^(j)) 
which obey 

C = id , e,., o o e,,, = 0,, , el = . (5.3) 
As a first consequence of our claim we observe that it gives rise to the identifications 

(BosAr)^^ = Orb^ and (SLstv)^' = SO2N (5.4) 

for a suitable Z2 group of automorphisms. This can be seen as follows. By the identities 
(U) we have o ^o)(i^(,)) = o ^(7)H^u)) for all G i^,,,. As a consequence, Af^j^ G 
(5^(j))^2iv implies that also 9(^j){A(^j)) G (i?(j))^^^, and hence there exist restrictions of 
^(j) to the Z2Ar-invariant subalgebras Bosat = (5^(i))^2jv g^^^^^ SL2N = {d {2))'^^^ , respectively. 
Now by definition the automorphism of restricts to the identity on (iJ^))^^^, and 
therefore the relations ( ^.3| ) imply that -df.^ = id for j = 1, 2. Thus G Aut((^(^))^2iv) ^re 
in fact Z2-automorphisms. Put differently, the restrictions "i^y) exist because 'Z12N C Qa^ is 
a normal subgroup, and they are Z2-automorphisms because Q,n/'^2N — ^2- 
Now let us consider the automorphism 

e := ^(1) ® ^(2) e Aut(i?) = Aut(^?(,) ® d,2,) , (5.5) 

which represents the generator (x, x) of the diagonal subgroup 1^21^^^ ^2iv x ^2Af. The ac- 
tion of the full group Z2Ar x Z2Ar can be obtained by including another Z2Ar-automorphism, 
say 

f:=id®^(2), (5.6) 

which realizes the element {l,x) of Z2Af x Z2Ar. Now of course ^ and ^ commute (or in 
more mathematical terms, the diagonal subgroup l^l^l^'^^ C Z2Ar x Z2Ar is normal), so that 
there exists a restriction ( of ^ G Aut(^) to J^2]v(diag)^ -y^^ claim that when evaluated 
on the CAR algebra Q CAR = j^2]v(diag)^ ^j^-^ j-gg^^ic^iQ^ coincides with the Bogoliubov 
automorphism (i that was defined in formula (|4.9| ): 

C = Ci: e'"/^6t , 4 ^ e-'"/^4 . (5.7) 

^ Recall that in this isomorphism it is understood that the action of g^^^wCdiag) restricted to the 
vacuum sector with respect to X^^n'^^ ■ 
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Next we also define 9 := 6'(i) »6^2) G Aut(5^(i) (8>5^(2))- Clearly, ^ and 6 generate the diagonal 
subgroup Qj^'""' C Qtv X Q^v- Now denote by i3 the restriction of Aut(5^) to ^^^'^^"'^^^ 
which again exists because 2,2'^'^' C Q^''"'^' is normal. Since ^ acts trivially on ^^^^id^^s)^ 
we learn that = id, i.e. generates a Z2 group. We claim that this Z2-action on 
CAR = ^^^^^"'-^^^ is realized as the exchange 

bi ^ 4 (5.8) 

of the fermion modes. 

We will verify our claims in the following analysis of characters. Moreover, we will see 
in section |^ that the -(^-invariant linear combinations of SL2Ar-generators are precisely the 
generators of S02Ar, and that the "(^-invariant combinations of BosAr-generators are precisely 
the generators of Orb^- We start by noting that [Q,n-'^2n] = 2. Correspondingly it is 
not difficult to construct the induction of the irreducible representations tTq of 'Z2N to 
its extension Qjy. Namely, for 0<a<A^ the irreducible Z2Ar-representations tTq and TT2N~a 
combine to a two-dimensional irreducible representation of Qat, while ttq and tt^v split into 
the direct sum of two one-dimensional representations. Denoting the group dual (i.e., the 
set of irreducible characters) of the non-abelian group Qat by 

Qjv = {o, V, s, c} U {a I a = 1, 2, ... , , (5.9) 

this is written as 



ind^^-^ (TTa) = ind^;^ i-K^N-a) = VT^"^ hi < a < N , 
mdll (tTo) = ni''-' © 4"^-' , indg- (vr^) = vr^*^-' © vrf 



(5.10) 



Next we study what happens when we extend the diagonal subgroup ^2"^*^^ C Z2Ar x Z2Ar 
to the diagonal subgroup Q^"''^' C Qn x Qn- Applying the general result ( p.7| ) to the sit- 
uation described by (^lOD , we learn that under the action of ^Q^vt^-g) :g-2;2iv(diag) 
fermionic Fock space TY'"-'^''' = Hq splits as Hq = Ho ® 'H^. Moreover, Tio = H}^"^^^ and 
?iv = Ti}^^^^ are the even and odd subspaces with respect to the Z2-automorphism 'd of 
(|5.8|), respectively. When we further extend the gauge group to the full Qat x Qat group, 
these spaces further decompose into sectors of '^^'^^'^'^ = (g'(Bos))*^^ ® (diSL))^'^ ■ Now the 
latter are of course tensor products of the sectors of {^(bos))^'^ and {d(SL))^^ , which we de- 
note by 7i*f°'' =W^°'''^^'' and IH}^^^ = T-Cp'~''^'^\ respectively. Implementing once again ( p.7| ) 
as well as the formula ( p.lO|) , we then conclude that this decomposition reads 



a,/3eQjv «,/3eQjv 
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(5.12) 



where are the fusion coefficients of Qn, i-e. more exphcitly, 

Af-1 

^(CAR) ^ ^(Bo.)^^(SL) ^ ^(Bo.)^^(SL) ^ 0^(Bos) ^^(SL) 

a=l 

nt'^^nf'^ © T^f for AT even, 

Af-1 

^(CAR) ^ ^(Bo.)^^(SL) ^ 7t;(Bos)^-^(SL) ^ 0^(Bos) ^^(SL) 

a=l 

nt'^^nf'^ © T^f °='©7^f for AT even, 

On the other hand, it is not difficuh to check - some details are provided in appendix B 
- that the characters of Ti^^'^"' and TY'^'^'^' (i.e. the characters of the irreducible modules of 
CAR^^) can be decomposed as 

7V-1 

(SO) 



Vl^al _ v(Orb) v{SO) I v(Orb) v(SO) I v(Orb) v(SO) I -yiOrb) v(SO) I \ ^ -yiOrb) -yiS 

A_j_ Aq Aq ~r A-y A-^, ~r Ag Ag ~r Aj. Aj. ~r 7 Aq, Aq, 

a=l 
N-l 

Vl^al _ v(Orb) V(SO) I v(Orb) v(SO) I v(Orb) v(SO) I v(Orb) v(SO) I \ ^ -yCOrb) -yCSO) 
A_ — Aq Ay ~r Ay Aq ~r Ag Ag ~r A^ A^ ~r 7 Aq Aq 

a=l 



(5.13) 



into products of irreducible characters X*"*' of the c = l orbifold theory OrbAr and of 
irreducible characters of the level two sb{2N) WZW theory. Now comparing the 
formulae ( |5.12|) and (|5.13|) (and recalling that = as well as °' = Xf°^) leads us 



to the conclusion that the sectors of the gauge invariant algebras {d(Bos))^^ and (5^(sl))**^' 
indeed coincide with those of Orbjv and S02Af, respectively. This finally reproduces the 
statement of our claim. 

We further support our claim by the following consideration. Recall that G Aut(5^^^'^) 
satisfies 'i?^ = id. This implies that ( and ^ fulfill 

(2A^ = id, (o^o( = ^, ^^ = id. (5.14) 

Thus they provide a representation of the dihedral group D2Ar = Z2ArXiZ2 by automor- 
phisms of :g'^2jv(diag)^ therefore consider the algebra (:g'^2^)D2Jv^ which is the invari- 
ant part of :g'^2jv (diag) ^j^-j^ respect to the automorphisms ^ and 6, or what is the same, the 
invariant part of with respect to ^, ^ and 6. Now ^, ^ and 6 provide a representation of 
a subgroup Kjy C Qn x Qn that is obtained by adjoining the diagonal generator (y, y) to 
Z2Ar X Z2Ar. Note that [Qn x : Kj^f] = 2 and that the diagonal subgroup 1^2^'^^ C 
is normal. Now Kjq /'L^'j^^'' = D2Ar, and this is the reason why the restrictions Q and of 
^ and 9 provide a representation of D2Af in Aut(^5^^^'^). We conclude that 

(S'tBo.^iV) ©i?(SL;2iV))'^'"^'^~ C ^^^^ = (^^^iV^D,^ ^ (g^^g) 

or in other words, 

Orbiv ® SO2JV C CAR^^^ . (5.16) 
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As it is a rather tedious calculation, we refrain from applying the whole machinery of 
section to the (gauge) subgroup K^ = H C G = Q,n^Q,n- Rather, we restrict the 
discussion to confirming the validity of the Z2 -type inclusion ( |5.1ti| ) , which is achieved by 
the following argument. Under the action of CAR^^^ = the vacuum sector Ti^ = 'H^^'^^'^ 
of :5'^2jv(diag) gpjj^g jj-^^-Q sectors labelled by D2Ar, and as the inclusion (|5.16|) is of Z2-type, in 



this process each sector can split into at most two S^'^^^'^^-sectors. Now the group D2Ar 
is precisely represented in Aut(CAR) by the automorphisms (|5.7|) and (|5^ ), while for the 
characters of CAR^^'^ we obtain 

v'°2]vl v(Orb)v(SO) _|_ v(Orb)v(SO) v^ajvl v(Orb)v(SO) I v(Orb)v(SO) 

Ao — Aq Aq ~r A-^, A-y , Av — Aq A-y "T A-^, Aq , 

v'°2]vl _ ■y(Oib)-y(SO) i v(0*)v(SO) ■y[^2N\ _ v(Orb)v(SO) _|_ v(0*)v(SO) /' C -\^\ 

As — Ag Ag ~r Aq Aq , Ac — Ag Ag ~r Aq Aq , ^tJ.Xl j 

X^^^^^ = for ae{l,2,...,Ar-l}. 

(for more details, see appendix B). Again we conclude by comparison that ( ^.ITj ) precisely 
corresponds to the decomposition of CAR^^'^-sectors into tensor products of the sectors 
of Orbiv and SO2Ar.0 

The above arguments in favor of our claims are certainly not rigorous, because we 
employ the Virasoro-specialized characters which do not encode the complete structure 
of the respective vector spaces. Nevertheless our claims are bound to be correct. For 
instance, it would otherwise be a complete mystery why relations among characters of the 
type derived above should be valid. Note in particular that our formulae hold simultane- 
ously for all values of the integer A^. Moreover, the quite different arguments that we will 
present in the following section provide further support to our claims. 



6 Fourier modes of the observables 

In this section we express the Fourier modes of the observables for the various models of 
our interest through the Fourier modes of the free fermions. This will in particular allow 
us to confirm various statements made earlier from a different point of view. 

We first need to define a normal ordering of bilinears of fermion modes. We adopt 
the convention that the symbol a\. (r e Z-l-1/2, i e {1, 2, ... , 2A^}), stands for either of the 
Fourier modes 6* or c* of the fermions. Our normal ordering prescription then reads 

, , f a'a{ for s > , , ^ 

:aX: := <^ ' (6.1) 
I —a^a], for s < . 

One now checks by direct computation that the combinations 

•^m '■— 5^ •K'4n-r' (6-2) 

reZ+1/2 



^ Another indirect confirmation of our claim follows from the following observation. In the space T^e^*"* 
there must be simultaneous highest weight vectors of Orbjv and S02Af which correspond to the blocks that 



appear in the decomposition (5.17). In we determined the larger set of simultaneous highest weight 
vectors of S02Ar and the orbifold Virasoro algebra. Now inspecting the orbifold conformal weights of 
those vectors one learns that the simultaneous highest weight vectors of Orb^v and SO27V are given by the 
zero grade (n = 0) vectors among those in Eqs. (8.8), (8.11), (8.12), (8.13) and also (10.12) and (10.13) 
of H . One can check that the D2Ar transformation properties of these vectors are indeed in agreement 



with the sector decomposition ( ^.17 ) 
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with {1,2,... ,2N} and mGZ satisfy the commutation relations 

and hence span a level one g[(2A^) current algebra. More precisely, this Lie algebra is the 
direct sum of a level one sl{2N) affine Kac-Moody algebra and a u(l) current algebra. 
The generators of the level one sl{2N) algebra consist of the linear combinations 



Hl:=Ji^-Ji;l''+' for z = l,2,...,2iV-l (6.4) 



and of 



Eii:=Jii ioii^j. (6.5) 

The zero modes (m = 0) generate a subalgebra isomorphic to the simple Lie algebra 
s[(2A^). In particular, the modes Hq span the Cartan subalgebra of s[{2N), and for 
i<j the Eq constitute the raising operators of s[{2N), corresponding to the positive 
5[(2iV)-roots aij = + a;(j+i) + ■ ■ ■ + a(j-2) + (^(j-i) (where denote the simple roots 
of sl(2A^)), while for j<i they are lowering operators, corresponding to the negative 
sl{2N)-Yoots —aji. The u(l) current algebra is spanned by 

2N 
i=l 

with relations 



The *-operation acts on the currents (|6^ ) as (J^)* = J -mi and their commutation 
relations with the fermion modes read 

SO that in particular 

In addition to the current algebra, the free fermions also bring along a Virasoro algebra, 
with generators 

2N 

L'r = -\ E E(^-f)-^^'^---- (6-10) 

reZ+l/2 i=l 

Let us now interpret these observations from the perspective of sections ^ and 
The (unbounded) observables of the s{{2N) level one WZW theory are well known pj. 
They consist precisely of the s[{2N) currents with modes ( |6.4D and ( |6.5[ ), together with 
fields that are obtainable from the currents by taking derivatives and forming normal- 
ordered products. Among the latter there is in particular the associated Sugawara energy- 
momentum tensor, the Fourier modes of which are given by the affine Sugawara formula 

2N 2N 

L'm' = E ( E •■^n'^--: + \ E '-HnHL-n- ) (6.11) 
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{Gij denotes the inverse of the Cartan matrix of si{2N), and the normal ordering pre- 
scription is similar to the one in ( |6.1|) ), and hence they lie in a suitable completion of the 
universal enveloping algebra of the current modes. 

It follows that in order to be in agreement with the isomorphism ( |4.3| ), the observable 
algebras BosAr(/) of the c = 1 theory are given by the commutants of SL2Ar in CAR(/)^2jv_ 
This certainly includes the bounded local functions of the u(l) current as well as 
those of the associated energy-momentum tensor whose modes are 



- (Bos) 



'JnJn.-n' ■ (6-12) 



(By carefully treating multiple normal orderings of the fermion modes, one can check that 
L^°'^ +L^'-' = Ll^'"^\) We are now looking for further unbounded observables associated to 
the Bos AT theory. In particular, we would like to find expressions that commute with the 
si{2N) modes and can be interpreted as the Fourier modes of fields that have integral 
conformal weight A(0) (with respect to L'^q'^^^) and that can play the role of primary 
conformal fields in the sense of |T^. Then the associated local bounded functions should 



be elements of Bostv- Taking into account the isomorphism ( ^.3| ), we have to expect 
that these modes are Z2Ar-invariant infinite series of normal-ordered products of fermion 
modes; moreover, we in fact need only to consider normal-ordered multilinears which are 
summed over like 



— ^ ^ •Clri'^r2 ' ' ' '^rp_i'^m-ri-r2-...-rp_i • (6.13) 
ri,r2,...,rp-i 

ez+1/2 

with p = 2A(0) even. In addition, we can focus our attention to a small subset of these 
unbounded observables, namely to those from which all others can be obtained by the 
operations of taking derivatives and of forming normal-ordered products; for brevity, we 
will refer to this subset as the basic (unbounded) observables. 

Now by a suitable relabelling of the summation indices on the right-hand side of 
(|6.13| ) we deduce from the anticommutativity of the b respectively the c modes among 
themselves that we can assume that equality ik = ii for k ^ I appears only if one is dealing 
with two different types of modes, i.e. only if a*^ = 6*^ and a*'^ = c*'^ (or the other way 
round). Employing the basic commutation relations (|6.8|) to compute the commutator 
of 0m*^"'*'' with J^^ one then finds the following. First note that expressions which are 
neutral with respect to the gauge group I^^n (|4.9| ) must involve products for which the 
numbers of b and c factors differ by a multiple of IN . Now when ( |6.13| ) contains an 
equal number of b and c modes, then it commutes with the 5[(2iV) currents precisely if 
it is a normal-ordered product of the Fourier modes of the u(l) current J (i.e. the 
(|6.6|) ) and/or its derivatives. A similar analysis shows that for any other Z2Ar-neutral 
combination X to commute with the s[(2A^) currents it is necessary and sufficient that X 
is obtainable by taking derivatives and/or forming normal-ordered products of the u(l) 

^° Thus in particular the currents associated to S^(b„s) ® 5^(sl) are represented in the form of a tensor 
product, i.e. the u(l) current acts as J®\ while the s[(2A^) currents act as l^H^ and IsE'^. 
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current modes and of the modes 



ri,r2,---,r2N-l 



Ti,r2,...,r2N-l 
eZ+1/2 



r2N-i m~ri-r2-...-r2N-i ' 



2N-1 2N 

r2N-i 'm-ri-r2~...-r2N-i 



(6.14) 



One can check that the point-hke locahzed fields which have (|6.14|) as their Fourier modes, 
namely B{z) := ^^^^ z"'-^B^ = b\z)b^{z) ■ ■ ■ b^^{z) and C{z) := ^ 



c^{z) ■ ■ ■ c^^{z), are primary conformal fields and have conformal weight A{B) = A(C) = A^, 
both with respect to the fermion energy-momentum tensor ( |6.1U| ) and with respect to the 
c = 1 energy- momentum tensor ( |6.12|) (which is compatible because they commute with 
the sl{2N) current algebra and hence with its energy-momentum tensor). 

We conclude that the basic observables of the c = 1 theory consist of the u(l) current 
and the fields B and C, which are related by charge conjugation. This is in complete 



agreement with the description of the observables that was given in [|T2[. The commutation 
relations of the modes ( |6.14| ) are of the form 



[Bmy = Pi ^m+nfl 1 " 



where 



Pj — Pm,N;j •" 



2N~j 

J2?hy. $^(m-iV + j+£-l) 



for j G N and 



(6.15) 



(6.16) 



(6.17) 



and where the ellipsis stands for further terms involving j-fold normal-ordered products of 
the currents (combined with terms involving derivatives, in a similar way as for : J^: —dJ ) 
and coefficients whose m- and A^-dependence takes the form of p^-, for j = 4, 5, ... , 2N — 1. 

Note that for iV = l, the relations (|6.15|) amount to the statement that besides the 
s[(2) affine Lie algebra with generators ( |6.4|) and ( |6.5|) , i.e. 



Jl := 



12 



-reZ+l/2 



T- 77121 _ \^ .t2J 

reZ+1/2 



70 ._ 77-1 _ / 1 . _ .-C 

reZ+1/2 



i^c^ : ) 

r^m—r I i 



(6.18) 



another (relatively commuting) level one s[(2) algebra is present, namely the one generated 
by 



T-ez+1/2 rez+1/2 

rGZ+1/2 



(6.19) 



The summations ensure locality. Also note that owing to [5' , = = [c* , c^] no normal ordering is 
required here. 
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(In a different context, this has also been observed in 

Next, let us study the observables which stay fixed under Q^r, i.e. those which are the 
observables of the orbifold and sb{2N) theories. According to the results of section ^, we 
need to implement the additional Z2 transformation which operates on the fermion modes 
as the exchange {} ( ^.8|) . We first note that acts on the 0[(2A^) current modes ( |OD as 

HJ^ = -J?:, (6.20) 
so that the invariant combinations are 

■~ "^m ~ Jrri (6.21) 

for m G Z and i,j G {1, 2, ... , 2N} with i <j. It follows from the commutation relations 
( |6.3|) that these modes span a level two sb{2N) affine Kac-Moody algebra. This is also 
easily understood by realizing that the real and imaginary parts and f * of the fermion 
modes, defined by 

K := ^ (< + ivi) , 4 := 75 H - K) , (6.22) 

which satisfy {}{ul) = ul. and '(9(f *) = — f * , constitute the Fourier modes of a two sets of real 
free fermions. Each of these realizes a real CAR algebra, and they mutually anticommute. 
The combinations ( |6.21j ) are expressed through these fermion modes by 



rGZ+1/2 

(6.23) 

reZ+1/2 

It then follows immediately (compare e.g. ^) that we are indeed dealing with a level two 
sb{2N) affine Lie algebra. 

Now we use again the knowledge that the basic observables of a WZW theory are given 



by the currents. From the inclusion ( |5.16| ) we therefore conclude that the observables 
OrbAT of the orbifold theory are contained in the commutant of the current algebra in 
the algebra CAR^^'^. As this is a proper inclusion, we cannot completely determine the 
orbifold observables this way. Nevertheless we can make a few observations which can 
be compared to the literature. First, the u(l) current modes (|6.6| ), which in terms of 
the real fermions read = i(2A^)~-'^/^ I^i=L '^r'^m-r; transform as 'd{J^) = — 

and hence definitely do not belong to Orbiv. Also, among the linear combinations of the 
c = 1 observables ( |6.14| ), only + are -i^-invariant; comparison with the results of 
shows that they belong indeed to the basic unbounded observables of the orbifold theory, 
and hence the corresponding bounded functions are elements of OrbAr. However, there are 
still further basic observables. These include in particular the energy-momentum tensor, 
whose modes can be written as 

= LT' - (6.24) 

(analogously to L^°'^ = L*^'^"' — L*^'-'), where L[^°' is obtained from the so (2 A^) currents 
( |6.21| ) by the Sugawara formula. In terms of the fermion modes, this is a normal-ordered 
product which contains the fermion modes only in the quadratic form u].u\ and v^vi. 
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According to ^ there is one other primary conformal field which is a basic observable, 
namely the combination : J^: - 2 '.Jd'^J: +3/2 :(9J)^: . 

In the special case A^= 1 the current algebra sb{2N) degenerates to u(l), with modes 
= Erez+i/2( -uWrn^r- + '•'"Wm-r'' ), or in terms of the s[(2) modes l}^ = J+ - 

J~. Similarly, the orbifold observables B^+C^ become B^+C^ = —i{K:^+K:^) = 
( '.ulu'^_/. — '.vlv^_/. ), which again generate a u(l) current algebra. In fact, in this case 
we are dealing with the tensor product of two c = 1 circle theories, each correponding to 
the value N^^bos) = 4 of the integer that labels the circle theories. 

Finally we note that by construction the real fermions and f * are of Neveu-Schwarz 
type. In terms of the orbifold and so(2A^) theories, this corresponds to the fact that we 
are dealing with untwisted sectors only. In order to investigate the twisted sectors as 
well, one would have to include also real fermions of Ramond type. Since for generic N 
the twisted sectors have non-integral statistical dimension, they are not covered by the 
conventional DHR formalism, and hence are definitely beyond the scope of our present 
paper. On the other hand, when is a square number, then the statistical dimension of 
the twisted sectors is integral, and correspondingly an interpretation in terms of a DHR 
gauge group might again exist. At present we do not know of such an interpretation. 
But it is easy to see that such a gauge group would have to be an extension of Qtv by 
Z2. Moreover, it is likely that this extension should be central, in such a way that the 
twisted sectors can be interpreted as projective representations of the factor group Qtv- 
(For A^= 1, this possibility is realized rather trivially as the extension from Qi = Z4 to 
Zg.) 



A The finite groups Qjv and D2Ar 

For any positive integer A^, the generalized quaternion group Qn is by definition the 
discrete group that is generated freely by elements x and y modulo the relations^ 

= 1 , xyx = y , y"^ = x'^ . (A.l) 

This is a finite group of order IQtvI = 4A^. It has four one-dimensional representations 
TTo, TTv, vTs, TTc, as Well as A^ — 1 two-dimensional representations vr^ with representing ma- 
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/ givrm/AT \ f (-1)"^ \ 

T^m{x) = ( Q ^-i^m/N j , ^m{y) = [ I Q ) ' (^'2) 

The conjugacy classes and characters of Qat are displayed in table |I]. From the character 
table it follows in particular that the subring of the representation ring that is furnished 
by the one- dimensional representations is the group ring of Z2 x Z2 when A^ is even, and 
the group ring of Z4 when A^ is odd. 

The cyclic group Z2N generated by x is a normal subgroup of Qn; Qn is a non-split 
extension of this normal subgroup by Z2. It is illustrative to compare Qat to the dihedral 
group D2N which is a split extension of its normal subgroup Z2Ar by Z2 and hence a semi- 
direct product. D2Ar is by definition generated by elements x, y subject to the relations 

3^'^ = 1 , xyx = y, f = l. (A.3) 

The first of these relations is not independent. We keep it to demonstrate the similarity with ( [A.3| ) 
below. 
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Table 1: Character table for Q^r 



class 


{1} 


ike{i,2,...,N-i}) 


r AT ~\ 

{x^} 


1 

/=0,l,...,Af-l} 


1=0,1,. ..,N~l} 


Xo 


1 


1 


1 


1 


1 


Xv 


1 


1 


1 


-1 


-1 


Xs 


1 










Xc 


1 


(-1)'= 








Xm 


2 


2 coslTTmk / N) 











We have |D27v| = 4A^, and there are four one-dimensional representations tTq, ttv, tTs, ttc, 
and — 1 two-dimensional representations vfm with matrices 

/ Q^-^m/N \ ^ / 1 \ 

The conjugacy classes and characters of T)2N are given in table ^ It can be checked that 



Table 2: Character table for D2Ar 



class 


{1} 


{x'' ,x 

{fce{i,2,...,Af-i}) 




/=0,lv-,A^-l} 


{p2i + l 1 

1=0,1,. ..,N~1} 


Xo 


1 


1 


1 


1 


1 


Xv 


1 


1 


1 


-1 


-1 


Xs 


1 


(-1)'= 


(-1)^ 


-1 


1 


Xc 


1 




(-1)^ 


1 


-1 


Xm 


2 


2 cosijimk / N) 











the representation rings of both Qtv and D2Ar are simply reducible. 

Note that for even the groups Qa? and D2Ar possess identical character tables, and 
hence in particular identical representation rings. Nevertheless they are not isomorphic; 
e.g. in Q^r there is only a single element, namely y^, of order two, while in J^2N there are 
many. 

B Characters 

In we considered two species and of real free fermions. An action of the group 
0(2) (which can be interpreted as a DHR gauge group of the free fermion theory) was 
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defined by 

7t(M*) = cos(t) ul - sin(t) vl , ItiK) = sm{t) + cos(t) f * , (B.l) 
where tGM, and 

vK) = K. viK) = -vl.. (B.2) 

In terms of the complex fermions 6* and c* (see formula (|6.22|) ) this reads 

7*(6;)=e'*6t, 7*(4)=e-"4, viK) = 4 , vicl) = K . (B.3) 

It is obvious that by restricting this action to the naturally embedded discrete subgroup 
T^2N C 0(2) we just recover the automorphisms ( |5.7] ) and (^.8|): Ci = 1n/N, '& = Tj. 
As in we will use the labelling 

0(2) = {0, J} UN (B.4) 

for the group dual of 0(2). In we computed the characters of the sectors of CAR^*-^''; 
they read 



[0(2)] 


©0(9) 


~ 


2(y,(g))2^ 


[0(2)] _ 




m 


(y,(g))2A^ 



for m G N . 



with and 9^ as defined in ([4 .151) and ( [4.16| ). Now upon induction from D2Ar to 0(2) 



the irreducible D2Ar- representations split into irreducible 0(2)-representations as 

indS(vr<°-0 = © , ind2;(-4°^^') = -T'' © ^Z, , 



inClD^jvl^s J - man^^l^TTc ) - ki^n=l "{2n-l)Ar 



tt;. 



mdS(vr<°-') = 0- , © -ZT.) for a G {1, 2, ... , iV-1} . 

(B.6) 

As a consequence, we have X?^^' = xlf'^'' + ^^2°'^' hence we find the 

expressions 

Xf-'(g) = X?-'(g) = i g-^/V^(g) , 

(g) = g-"V4A^^Jg) , « G {1, 2, ... , AT-l} , 



with ijj^ as defined in ( |4.1?1) , for the characters of the CAR^^'^ sectors. By comparison with 



the characters of the sectors of OrbTv and S02Ar (given e.g. in 0), it is then easily checked 
that indeed the identities (|5.17| ) hold. Moreover, by restricting further the D2Ar-action to 
the Z2-action of (corresponding to the element y of D2Ar), we obtain 



ind°-(7r^^^') = 7r^°-' © vrf-' © 0^",^ 



Tin 



ind^^^-(7ri"^') = 7r{.°^-' © Trf © 



fB.8) 
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where 7r\_^ = id and 7r_ denote the two irreducible representations of Z2. The identities 
(|5.13|) then immediately follow as a consequence of ( |5.17| ). 
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